The concept of intergenerational equity concerning intertemporal paths of consumption and capital accumulation is introduced and the analysis of the dynamic processes of capital accumulation and changes in environmental quality that are intergenerationally equitable is developed. The analysis is based upon the dynamic duality principles, as originally developed by Koopmans and Uzawa, and later extended to the case involving environmental quality.
INTERGENERATIONAL EQUITY
The analysis is primarily conducted within the conceptual framework of the dynamic analysis of environmental quality, as was developed by Miler in his classic work, Miler (1974) , with particular emphasis on the circumstances where the irreversibility of the processes of capital accumulation occurs due to the presence of the Penrose effect, as was originally introduced by Uzawa (1968) in the context of macro-economic analysis. The analysis is based upon the formula concerning the system of imputed prices associated with the time-path of consumption that is dynamically optimum, where the presence of the Penrose effect implies the diminishing marginal rate of investment in private capital and social overhead capital upon the rate at which capital is accumulated. The dynamically optimum time-path of consumption is characterized by the proportionality of two systems of imputed prices, one associated with the given intertemporal preference ordering and another with the process of capital accumulation of private capital and social overhead capital.
The basic premises of the dynamic analysis of capital accumulation and changes in environmental quality are that the intertemporal preference ordering of the society in question is given independently of the technological conditions and processes of capital accumulation, as typically expressed by the utility integral of the Ramsey- Koopmans-Cass type: U(x) u(xt)e -6t dt, o where Ut U(Xt) is the utility function expressing the instantaneous level of utility at time and 6 is the utility rate of discount. Utility function u(.) and utility rate of discount 6 are assumed to be both constants. The dynamically optimum time-path of consumption and capital accumulation is obtained in terms of the imputed prices of various kind of capital, as in detail discussed in Uzawa (2000 Uzawa (1998 Uzawa ( , 2000 
In Uzawa (1974) , it is proved that, for any time-path of utilities u (ut), where ut > 0, for all >_--0, the value of utility functional V= U(u) is uniquely determined. That is, V--U(u) is equal to the minimum value of initial condition U0 V for which the solution (Ut) to differential equation (1) 
It may be noted that, because of the convexity of (u,U), 0 < 6(u, U) < fly(u, U)
It is now possible to obtain an explicit formula for the system of efficient prices for time-path of utilities, u-(ut), to be denoted by p(u)-(pt(u)): The basic differential equations, together with the transversality condition: lim 6Ut 0 correspond to the system of the Euler-Lagrange equations in the standard method of the calculus of variations. We may note that the initial condition for the basic differential equation, V, is equal to the value of the utility functional.
for the intertemporal processes of production involving the accumulation of capital. It will become a prerequisite to the analysis of a dynamically optimum allocation of scarce resources involving social overhead capital in general and the natural environment in particular, and we devote the present section to describing in detail the steps by which the formula for the system of efficient prices for the intertemporal processes of production is derived.
We denote by kt the stock of capital at each time t, and assume that the stock of capital is the only factor of production relevant in the process of production. The production function is denoted by f(k), which is defined for all non-negative k >_--0, non-negative-valued, continuously twice differentiable, and satisfies the following conditions:
It is assumed that there is only one type of goods, and output and capital are identical. When output is invested as capital, it will become impossible to extract output from the stock of capital without the process of production.
The dynamic process of capital accumulation is described by the following differential equation:
[ct f (kt) We next see how the system of efficient prices may be obtained for the process of intertemporal production involving capital accumulation. Let K be a given stock of capital (K > 0), and let us denote by X(K) the set of all time-paths of consumption x (xt) which is feasible with respect to initial condition K. We may formally write
In other words, X(K) is the set of all x (xt) such that the solution (kt) to the basic differential equation with initial condition K exists at all time >= 0.
It is straightforward to see that, for every K > 0, the set X(K) is non-empty; the time-path xt 0 is always in X(K). The concavity assumption on flk implies that X(K) is a convex set; one has only to note the following inequality: It is evident that, if x is efficient with respect to K, then K K(x); that is, K is the minimum value of the initial condition for which a non-negative solution to the basic differential equation exists for all >= 0.
Suppose, to the contrary, K > K(x). Then there would exist a/ such that K < K and the given time-path of consumption x (xt) is feasible with respect to the initial stock of capital Kt. Hence, there must be a time-path consumption x' (t) such that > xt, for all t, and x is feasible with respect to K; a contradiction.
In contrast, the condition K= K(x) may not necessarily imply that x is efficient with respect to K. where Vt(k) is the accumulated marginal rate of discount:
represents the system of efficient prices at x (xt); that is, p(x) satisfies the following conditions:
where x(O)= (xt(O)), 0-< 0= < 1, is a smooth curve connecting two time-paths X and X on the efficiency frontier associated with the initial stock of capital K.
meaning that x(0) is feasible with respect to K(0); a contradiction.
By taking the limit, as oo, we obtain the following basic equality:
0)e-vt (0) We consider the simple model of capital accumulation as introduced in the previous sections, and analyze the structure of the time-paths of consumption and capital accumulation that are optimum in terms of the given intertemporal preference ordering as described in "Capital accumulation and efficient prices" section.
Let K be the stock of capital endowed in the economy at time 0, and let the production function f(k) satisfy the neoclassical assumptions as specified in "Capital accumu- The dynamic duality principle implies that a feasible time-path of consumption x--(xt) is dynamically optimum if, and only if, the two systems of imputed prices, (pt(u)) and (pt(x)) are proportional; that is, ut(xt)(1 (btt, Ut))e -A' #ft(kt)e v' where U U(Xt) and ( is a positive constant. The structure of dynamically optimum time-paths of capital accumulation then is analyzed by logarithmically differentiating both sides of the above equation with respect to time t.
To extend our analysis to the situation where the environment, or social overhead capital, plays a crucial role, in the processes of both consumption and production, it is necessary to closely examine the premises concerning the effect of investment upon the process of capital accumulation.
The basic dynamic equation stipulates that whatever amount of the produced goods that are put aside as investment induces an increase in the stock of capital, exactly in the same amount as the invested goods. With respect to those capital goods that comprise fixed capital in any corporative institution, there exists a diminishing marginal rate of increase in the productive capacity of capital corresponding to investment, referred to as the Penrose effect, as originally introduced by Uzawa (1968) and in detail described in Chapter 9 below.
To incorporate the Penrose effect in our model, let us introduce the real investment A as an explicit variable in our model. The output f(kt) at each time then is divided between consumption xt and investment At: In order to see this, the system of differential equations (64)- (66) The analysis developed above may be extended to the case where the marginal product of capital is variable. Namely, we consider the case where
The basic system of differential equations now may be summarized as: a(z) z U -la(z)-za'(z)l-14(a)+ (r-a)4'(a)l whose determinant D may be shown to be negative.
In contrast, the trace of the above matrix is easily shown to be positive.
Hence, the system of differential equations above is The intertemporal preference ordering is assumed to possess the structure specified in "Capital accumulation and efficient prices" section above. In the present case, however, the utility ut at each time is a function of vector of consumption xt and the stock of environmen- It may be noted the system of efficient prices is determined independently of the time-path of the stock of social overhead capital. The effect of the changing pattern of the stock of social overhead capital is felt only through the changes in the levels of instantaneous utility ut--u(x,, Vt).
which, by differentiating with respect to 0, yields r xtt -+-At -k-Bt, r ft(kt) 
